We present a string theory construction of Omega-deformed four-dimensional gauge theories with generic values of 1 and 2 . Our solution gives an explicit description of the geometry in the core of Nekrasov and Witten's realization of the instanton partition function, far from the asymptotic region of their background. This construction lifts naturally to M-theory and corresponds to an M5-brane wrapped on a Riemann surface with a selfdual flux. Via a 9-11 flip, we finally reinterpret the Omega deformation in terms of non-commutative geometry. Our solution generates all modified couplings of the Ω-deformed gauge theory, and also yields a geometric origin for the quantum spectral curve of the associated quantum integrable system. arXiv:1204.4192v2 [hep-th]
Introduction
The Ω-deformation [1, 2] has been a topic of intense research in the past years. While it first appeared in the context of instanton sums [3] , it has also received attention from the topological string community [4] [5] [6] [7] [8] [9] [10] and more recently in connection with integrable systems via the gauge/Bethe correspondence [11] [12] [13] [14] .
In this paper, we will present a generally applicable formulation of the Ω-deformation from string theory via a brane construction in the so-called fluxtrap background, as first presented in [15] and generalized further in [16, 17] . We will demonstrate the versatility of the fluxtrap approach by connecting to topics discussed in the recent literature, such as the (refined) topological string and the so-called Nekrasov-Shatashvili (ns) limit appearing in the context of the four-dimensional gauge/Bethe correspondence [12] . As we will show, also the M-theory lift of Ω-deformed theories can be performed in our fluxtrap setup with relative ease.
As an explicit application, we show how the non-commutative spectral curve of a quantum integrable system emerges geometrically from the ns gauge theory via a 9-11 flip. A similar non-commutativity also appears in the related limit of the Ω-deformation corresponding to the topological string [18, 19] . In our case the geometric interpretation of the quantization is more direct, with the symplectic form on the curve realized as the pullback of M-theory four-form flux to an M5-brane.
The fluxtrap background [15] is the T-dual of a fluxbrane or Melvin background. This is an integrable string theory, for it is a free quotient that can be studied with the methods of [20] [21] [22] [23] [24] [25] . Depending on the configuration of branes which is placed in it, the fluxtrap can give rise to both twisted masses in a two-dimensional gauge theory [15] , or an Ω-deformed four-dimensional gauge theory (which is effectively dimensionally-reduced by the deformation). The number of -parameters by which the gauge theory is deformed is restricted by the number of available isometries in the undeformed metric. Supersymmetry moreover imposes a relation on the i . The case 1 = − 2 related to the topological string and the case 1 = 0 corresponding to the ns limit are both special limits of the general construction discussed here.
The plan of the paper is as follows. In Section 2, we introduce the construction of the Nekrasov Ω-deformation of an N = 2 gauge theory as the Melvin compactification of a (p, q) fivebrane web, whose T-dual description is the flux-trap of [15] ; in this section we also review the fluxtrap construction in its most general formulation on a generic Ricci-flat space. In Section 3, we introduce the brane setups which gives rise to a variety of Ω-deformed gauge theories. In Section 4, the M-theory lift of our brane setup in the fluxtrap background is discussed. In Section 5, we perform a 9-11 flip to realize the non-commutative spectral curve of the quantum integrable systems associated to topological strings and gauge theories in the ns limit. Conclusions and outlook are given in Section 6.
In Appendix A, some supersymmetry conventions which are used throughout the article are collected, while in Appendix B the Taub-Newman-Unti-Tamburino (Taub-nut) space is presented in different coordinate systems which become useful in different parts of this article. While it is possible to deform by complex -parameters [16] , we ofx 9 over x 0,1,2,3 . In a gravitational theory on this spacetime, the local nontriviality of the fibration manifests itself as a nonzero electromagnetic field strength of the Kaluza-Klein gauge connection.
In the low-energy effective quantum theory of gravity, the limit R → 0 is a singular one: quantum effects are not under control when R becomes smaller than the scale of new states and/or nonrenormalizable interactions. When the effective theory is embedded in type iib string theory, as is the case for us, the scale of new states and nonrenormalizable interactions is the string length s = √ α , below which light winding states dominate the spectrum and the controlled description is in terms of a T-dual theory of branes in type iia, rather than type iib string theory. This T-duality turns the Kaluza-Klein electromagnetic flux into curvature H of the Neveu-Schwarz B-field, meaning that a noncommutative deformation of the brane dynamics enters the description as an essential part of the Ω-deformation. We now give the details of this solution and its description in various dual frames.
The deformation with general -parameters rotates the two complex planes near the core of the Taub-nut geometry with arbitrary angles as one traverses the Melvin circle. Generically, this would by itself break all supersymmetry, so one needs to extend the deformation by a third rotation of the spacetime that also acts with a nontrivial phase on spinors. Such a transverse rotational isometry always exists in the cases we consider: For a generic N = 2 (p, q) fivebrane web preserving eight supercharges, there are three common transverse directions that rotate into one another under an SO(3) transverse isometry. This isometry acts as SU(2) on the Killing spinors preserved by the fivebranes and is thus an exact SU(2) R-symmetry, not only at low energies but exact in the full ultraviolet-complete string dynamics. We shall return to this point later when we compare our realization of the Ω-deformed gauge theory with its other well known realization as the topological string [3, 33] .
The background. Let us consider a type iib background given by a (Euclidean) Ricci-flat metric of the type ds 2 = g ij dx i dx j + d(x 9 ) 2 and a constant dilaton Φ 0 . The directionx 9 = Rũ describes a circle of radius R and the metric g has N ≤ 4 (noncompact) rotational isometries generated by ∂ θ k . The Melvin identifications on this background are ũ ∼ũ + 2πn u ,
together with the standard identifications θ k ∼ θ k + 2πn k for the angular variables. It is convenient to pass to a set of disentangled variables
which are 2π-periodic. The change of variables modifies the boundary conditions from
T-duality inũ leads to a background with a non-trivial dilaton and a B-field where all the relevant degrees of freedom are local fields rather than winding strings. We call this the fluxtrap background on g:
where x 9 is a circle of radius R = α / R,
, and the norm is taken in the initial metric:
In the limit → 0 the T-duality is performed on theũ circle alone and the background remains undeformed. The Killing vector U i ∂ i generates the rotational isometries for both the initial and the T-dual metrics. In presence of the fluxtrap the isometry is always bounded, by which we mean that the generating vector field has bounded norm 1 :
(2.8)
In this sense acts as a regulator for the non-bounded rotational isometry. If we set Φ 0 = log R/ √ α , which we will do for the rest of this article, we find that the prefactor in the dilaton √ α e −Φ 0 /R = 1. This will result in the right normalization for the four-dimensional gauge theories in Section 3.
Supersymmetry. The Melvin identifications on non-bounded isometries break in general all the supersymmetries of the initial Ricci-flat metric. Some of them can be preserved by imposing conditions on the parameters k [22] .
In an appropriate coordinate system one can write the Killing spinors η iib for the metric g ij dx i dx j + (dx 9 ) 2 in a form that isolates the dependence on the coordinates θ k andũ:
where ρ k , θ k are the cylindrical coordinates in the plane of the rotation generated by ∂ θ k and η 0 + i η 1 is a spinor which does not depend on eitherũ or θ k . The Killing spinor is invariant under θ k → θ k + 2πn k , but not under the Melvin identifications in Eq. (2.3).
To isolate the source of the problem we pass to the disentangled coordinates φ k , 10) where η w = (1 +Γ 11 ) (η 0 + i η 1 ). While the first term is invariant under φ k → φ k + 2πn k , the second one is not invariant underũ →ũ + 2πn u . In order to respect the boundary conditions we need to impose
This is in general not a projector and all supersymmetries are broken. Consider now the case N > 1 and impose the condition
where the s k are signs. The boundary conditions become
What we find is a generic linear combination of N − 1 commuting projectors. It is annihilated by the product of all the corresponding orthogonal projectors 14) so that the boundary conditions are satisfied by the Killing spinor
Depending on η w , the projector Π flux can either break all supersymmetries or preserve some of them. In the latter case, at least 1/2 N−1 of the original ones are preserved. Since all dependence onũ has disappeared from the expression, T-duality maps the Killing spinors η iib into local type iia Killing spinors η iia . Using an appropriate vielbein for the T-dual metric (see Appendix A) they take the form 16) where Γ u is the gamma matrix in the u direction normalized to unity. It is possible to write an explicit expression for Γ u , in terms of a rotation on the right-moving spinor that depends on . Observe that by construction 
where we used the fact that { / U, γ 9 } = 0 and / U 2 = U 2 1.
In conclusion we see that for generic values of k all supersymmetries are broken. If the sum of the k is zero, some supersymmetries can be preserved. If this is the case, a minimum of 1/2 N−1 of the original supersymmetries are present in the fluxtrap background.
D-branes and Omega-deformations of gauge theories
After having introduced the fluxbrane background in the bulk, we will now study D-brane constructions in this background. Gauge theories encoding the fluctuations of D-branes placed into a fluxtrap background receive deformations from it. The precise nature of the deformation depends on the type of brane and the way it is placed into the background. D2-branes suspended between NS5-branes which are not extended along the planes of rotation for example receive twisted mass deformations [15] . In this article, we will be concerned with D4-branes which are extended in the directions of (some of) the rotations. This leads to an Ω-deformation of the resulting gauge theory. Depending on whether one or two planes of rotation lie in the worldvolume of the D4-branes, we reproduce either the general case 1 = 2 , or special limits such as the 1 = − 2 limit which is related to the topological string, or the limit 1 = 0, also known as the Nekrasov-Shatashvili limit.
General
Closed strings. Consider the general construction introduced in the last section for the simplest case of flat space and identifications in three planes. Now U is the Killing vector corresponding to the rotations in the (x 0 , x 1 ), (x 2 , x 3 ) and (x 4 , x 5 ) planes, 
In order to preserve some supersymmetry we impose
and using the general prescription introduced in the previous section it is immediate to see that the background preserves 32/2 2 = 8 supercharges. The Killing spinors are 
Open strings. We want to study the embedding of a D4-brane extended between two NS5-branes in our background. The NS5s are extended in the directions 012389, the D4 in 01236, which means that it is finite in the x 6 direction). The Dirac-BornInfeld (dbi) action describes the fluctuations of the D4 in the directions x 8 and x 9 , which we collect in a complex field v.
Consider the static embedding defined by
The Dirac-Born-Infeld action is given by
It is convenient to introduce the pullback of the vector field U,
Expanding the square root of the determinant at second order in the fields, we can write the Lagrangian as
10) where we introduced the field ϕ = v/(πα ) and used the definition of the gauge coupling for the p-brane effective action
The indices are raised and lowered with the (undeformed) flat metric and repeated indices are summed over. In a more compact notation, the action can also be written as a sum of squares,
where ı is the interior product and
This is the form of the action for the Ω-background that was discussed in [12, 27] . Sincê U depends explicitly on all the coordinates on the D4-brane, Poincaré invariance is completely broken and the system is effectively zero-dimensional, but preserves two supersymmetries.
Some of the contributions to the brane action come from the B-field, some from the bulk dilaton and metric. Let us point out the latter first, as they are larger at small deformation, and additionally they are odd under a certain discrete symmetry.
B-field couplings. The cross terms with a single gauge field strength and a single scalar gradient are odd under the charge conjugation symmetry A µ → −A µ . This symmetry is the same symmetry under which the bulk Neveu-Schwarz B-field is odd, and indeed these terms in the brane action are induced by the first-order couplings in the dbi action to B µν . These terms are leading order in the deformation parameter(s) .
Dilaton and metric deformation. These deformations are of order 2 and smaller, and invariant under all global symmetries (other than the Poincaré group). These terms control the classical properties of gauge field configurations, such as instanton and multi-instanton configurations and thus contribute directly to the deformation of the integrand on instanton moduli spaces.
It is instructive to see how the deformation lifts the zero modes of e.g. the oneinstanton solution. We can see this from two complementary points of view: the string-theoretic description of the instanton as a D-instanton in the presence of a D3-brane; and the field-theoretic description of the instanton as a low-energy object described as a gauge-field profile.
At the string theoretic level, a single pointlike D-instanton couples only to the dilaton, not to the metric and B-field. The coupling to the latter two comes only through the fundamental D3-D(-1) strings, whose condensation comprises a nonzero size for the instanton. But the dilaton couples to the D(-1)-brane at any size, as one can see from the full dbi action for the D-instanton:
The only critical point for the translational zero mode of the pointlike D-instanton is thus a critical point of the dilaton profile Φ(x). In the fluxtrap solution (3.2c), the only critical point of Φ is the fixed point ρ i = 0 of the U(1) action rotating the complex coordinates of C 2 . The localization of the integral over instanton moduli space at fixed points of the U(1) action is implemented simply by the effective potential induced by the dilaton. Without referring directly to the string-theoretic origin of the action (3.10), we still infer the effective potential for a small instanton from the spatial dependence of the quadratic action for the gauge connection. Intuitively, an instanton should seek the maximum of the gauge coupling, since its action goes as g −2 4 . For an action such as the one in Eq. (3.10), that is not Lorentz-invariant, there is not a uniquely defined "gauge coupling", since the tensor defining the gauge kinetic term is not diagonal. However a sufficiently small instanton -smaller than the typical scale of variation −1 of the couplings -is a spherically symmetric pointlike object, and cannot sense the symmetry breaking. Therefore it can only couple to the trace of the gauge kinetic tensor, which in our case is 
The
Closed strings. Let us now consider the case of two identifications in flat space by taking the limit 3 = 0 in the expressions in Eq. (3.2). Now U is the Killing vector corresponding to the rotations in the (x 0 , x 1 ) and (x 2 , x 3 ) planes,
and the background reads
In order to preserve supersymmetry we impose
and we obtain 32/2 = 16 supercharges corresponding to the following Killing spinors:
where η 0 and η 1 are constant real spinors and
This is the fluxtrap background introduced in [15] .
Open strings. If we introduce an NS5-D4 system as in the previous case (see Table 1 ), we obtain a configuration that preserves four supersymmetries. The action is formally the same as in Eq. (3.10), but this time the pullback of the Killing vector U iŝ
Poincaré invariance is completely broken also in this case, but the system has four supercharges. The instanton partition function for this four-dimensional theory is identified with the field theory limit of the topological string partition function with coupling g top ∝ [3, 33] . In this context is the coupling of the graviphoton field in the gauge theory obtained by reducing M-theory on the Melvin circle [34] . The resulting Ramond-Ramond type iia background provides in this sense a different realization of the Ω-deformation [35] . A more detailed discussion of the relationship between our construction and topological strings is presented in Section 4.3.
The Nekrasov-Shatashvili limit
Another remarkable limit of the bulk fields in Eq. (3.2), is given by 1 = 0. This time we impose = 2 = − 3 and the resulting background has 32/2 = 16 supercharges.
Once more we look at the effective theory for a D4-brane suspended between two NS5-branes as in Table 1 . The configuration preserves four supercharges. The dbi action is still formally the same:
21) where the pullback of the vector U iŝ
In this case, the Poincaré invariance is only broken in the directions ξ 2 and ξ 3 and the system is effectively an N = (2, 2) two-dimensional gauge theory. This is precisely the action discussed by Nekrasov and Shatashvili in [12] . This type of four dimensional gauge theory is related to the quantization of integrable models [10, 12] . Starting from a four-dimensional N = 2 Seiberg-Witten (sw) gauge theory subjected to the Ω-background with 1 = 0 discussed in this section, one obtains N = 2 super-Poincaré invariance in two dimensions. The crucial observation of [12] is that the two-dimensional twisted superpotential derived from the prepotential in the four-dimensional theory can be identified with the Yang-Yang counting function of a quantum integrable system. The supersymmetric vacua are mapped to the eigenstates of a quantum integrable system whose Planck constant is given by the deformation parameter 2 =h. For 2 → 0 one recovers the classical integrable system whose spectral curve is given by the sw curve.
We will show in the following (Section 5.2) that Neveu-Schwarz B-field resulting from the Melvin deformation of our background geometry give rise precisely to the type of non-commutativity of the spectral curve that one expects from the corresponding quantum integrable model.
M-theory lift
The theories that we are discussing can be understood in terms of deformations of four-dimensional N = 2 sw theories. It is natural to describe them in an M-theory setting, following [26] . In this section we will show how the fluxtrap construction lifts to eleven dimensions and how the Ω-deformation affects the dynamics of the M5-branes that realize the gauge theory.
The Bulk
A type iia background with metric g, Neveu-Schwarz field B, dilaton Φ, one-form C 1 and three-form C 3 is oxidized on a circle x 10 to M-theory with metric G and three-form A 3 as follows [36] :
Starting from the type iia background in Eq. (2.5) we find the general form of the M-theory fluxtrap background:
(4.3a)
It is interesting to remark that the directions x 9 and x 10 which have completely different origins (x 9 is the dual of the Melvin circle while x 10 is the M-circle) enter the background in a completely symmetric fashion.
In the following we will study the embedding of an M5-brane in this background. For this purpose it is interesting to consider the physics close to the center of the fluxtrap, i.e. the limit 2 U 2 1. The fields become
The appropriate setting to discuss the gauge theories found in the previous section is obtained by starting from a flat metric g ij = δ ij . In this case, at this order the metric is flat and there is a constant four-form flux F 4 = dA 3 ,
where ω is the linear combination of the volume forms of the planes in which the original Melvin identifications have been performed,
Note that ω is the graviphoton field strength in [3] .
M5-brane embedding
Having constructed the M-theory background we are now ready to study the embedding of M5-branes. It is known that a configuration of D4-branes suspended between NS5-branes in flat space as in Table 1 lifts to a single M5-brane wrapped on a Riemann surface [26] . We want to see how the presence of the fluxbrane modifies this picture. The simplest approach consists in looking for the most general M5-brane preserv- The embedding of the M5-branes resulting from the lift of the NS5 and D4 in Section 3. The directions x 9 and x 10 enter symmetrically in the background. The bottom line contains the complex coordinates used for the description.
ing the same supersymmetries as the NS5-D4 system [37] . The Bogomol'nyi-PrasadSommerfield (bps) condition can be expressed in terms of a projector [38] ,
where η m is the generic Killing spinor preserved by the background and Γ M5 is 8) andΓ andĝ are respectively the pullbacks of the gamma matrices and the metric to the brane. 2 The other degrees of freedom of the M5-brane are represented by a selfdual three-form h, h = * h , (4.9) which is related in a non-linear way to the pullback of the bulk four-form flux F 4 , viz. Since we want to describe the lift of the generic Ω-deformed four-dimensional theory with 1 = 2 we start from the type iia background in Eq. (3.2) and lift it to eleven dimensions as in Eq. (4.3). In our conventions the eleven-dimensional Killing 2 The embedding is defined by a map f : M5 → bulk ,
For a given vielbein e m A I for the bulk metric we definê
and the pullbacksĝ andΓ are given bŷ
where γ A are the flat gamma matrices in eleven dimensions.
spinors η m are related to the ten-dimensional ones η iia by
where Φ is the type iia dilaton in Eq. (3.2c) and η iia are the Killing spinors in Eq. (3.4) (see Appendix A).
As a first step let us find the supersymmetries preserved separately by the lifts of the NS5 and D4-branes (see Table 2 ).
The NS5-brane is lifted to an M5-brane extended in (x 0 , . . . , x 3 , x 8 , x 9 ). The pullback of the four-form flux vanishes f * NS5 F 4 = 0 and the kappa symmetry projector is
The D4-brane is lifted to an M5-brane extended in (x 0 , . . . , x 3 , x 6 , x 10 ). Also in this case the pullback of the four-form flux vanishes, but we need to take into account the deformed metric. The result is that the kappa symmetry projector reads
where u = x 0 + i x 1 and w = x 2 + i x 3 .
The kappa symmetry projectors for the NS5 and D4 commute, 15) and each breaks half of the supersymmetries. As already observed in Section 3.1 we are looking for embeddings preserving one sixteenth of the thirty-two Killing spinors of eleven-dimensional supergravity (one quarter from the -deformation in the bulk and one half for each brane). It is convenient to introduce complex coordinates in the bulk, 16) and make the following ansatz for the embedding of the lifted NS5-D4 system:
where (u, w, z) are complex local coordinates on the brane. Since we are interested in the physics in a neighborhood of the fluxtrap we can expand in powers of . The embedding expanded at linear order is
For = 0 we are back to the standard configuration of flat space without four-form flux. In this case the bps condition to solve is
This is satisfied if both s 0 and v 0 are holomorphic functions of z,
In other words, the M5-brane is wrapped on a Riemann surface Σ in the C 2 plane generated by s and v.
At first order in we want to discuss the embedding
in the background of Eq. (4.5). The four-form flux has a non-vanishing pullback on the brane coming from the (1, 1) component in the s, v plane:
Note that the pullback only depends on the embedding at the next-lowest order in . The expression can be suggestively recast in the form
where ω is again the weighted sum over the planes of the Melvin identifications and ω Σ is the volume form of the Riemann surface Σ with Kähler potential
The corresponding metric and volume form are:
Since f * M5 F 4 has only first-order terms in , the selfdual three-form h on the brane obeys a simple linear condition,
Self-duality naturally breaks h into two pieces 3 : (4.27) and is more conveniently written in terms of ± = 2 ± 1 :
Having found h, one can now evaluate explicitly 29) and impose the kappa symmetry projection
which is greatly simplified by the fact that the contribution of the h field is projected out by supersymmetry
This means that we are back to 32) which is precisely the same equation as in the = 0 case and is satisfied by the same Cauchy-Riemann conditions
At this order, the embedding is thus still a Riemann surface, but this time a nonvanishing self-dual three-form flux is turned on on the M5-brane.
At first order in , the (2, 0) theory on the worldvolume of the M5-brane can still be decomposed into a product of a four dimensional part M 4 and a Riemann surface Σ. Turning on the Ω-deformation on M 4 automatically gives rise to a flux on the whole M5-brane. In particular, the flux has also non-vanishing components on Σ, where it acts as a Kähler form.
It is an important task for the future to extend the above treatment to quadratic order in at which instanton localization takes place as we have seen in Section 3.1. It is likely that beyond linear order, the surface Σ may no longer be holomorphic.
Relationship with the topological string
Much has been said about the relationship of the topological string to the Ω-deformation of gauge theory (e.g. [19, 33, 39] ). By realizing the four-dimensional gauge theory as the dynamics of a geometrically engineered Calabi-Yau singularity in type iia string theory, the gauge theory can be lifted to a five-dimensional theory living on the same singularity in M-theory, and then re-compactified with Melvin boundary conditions to yield an Ω-deformed gauge theory in four dimensions, which is ultraviolet-completed to the topological string on the Calabi-Yau singularity. Here, the topological string coupling g top is directly proportional to the parameter = 1 = − 2 of the Melvin twist. This logic has been verified quantitatively in a number of examples [33] .
It is interesting to compare our solution to the topological string realization of the same deformation of the same N = 2 gauge theory. We have realized the Ω-deformed N = 2 gauge dynamics as the dynamics of a (p, q) fivebrane web [28] compactified on a circle with Melvin boundary conditions; the topological string realizes the deformed gauge theory via the same construction, except with the replacement of the (p, q) fivebrane web with a local Calabi-Yau geometry in eleven-dimensional M-theory as the origin of the five-dimensional gauge theory.
In our realization, there exists a limit in which all degrees of freedom of the gauge theory are realized as open strings on D-branes living in a spacetime with only NeveuSchwarz background fields turned on; this makes it possible write an explicit action deformed gauge theory. In principle, the existence of a well-defined perturbative string realization makes it possible to include string and five-dimensional Kaluza-Klein corrections to the renormalizable four-dimensional action, if desired.
Prior to reduction on the Melvin circle, the two five-dimensional theories are not the same and have different properties. In particular, the R-symmetry groups are different in the two five-dimensional theories, beyond the low-energy level. In the (p, q) fivebrane web, as noted earlier, there is an exact SU(2) R-symmetry rotating three common transverse coordinates to all the branes. In the non-compact Calabi-Yau singularities of interest for the study of the topological string, the R-symmetry is generically only a U(1).
Both our construction and that of the topological string can be followed through a set of mutually equivalent dual frames, among which in each case is an M-theory solution with M5-branes and four-form flux. In this last description, the R-symmetry of the solution representing the topological string is enhanced from U(1) to SU(2) as a third noncompact transverse direction decompactifies. This description realizes the gauge theory degrees of freedom as coming from the six-dimensional (0, 2) superconformal theory on a Riemann surface as in [26] , deformed by the presence of four-form M-theory flux with various numbers of components longitudinal and transverse to the M5-branes. In both cases, the four-form flux is proportional to the parameter deforming the gauge theory. In the limit → 0, both the M5-brane dual frame of our construction and the M5-brane dual frame of the topological string theory are of exactly the same type: a set of fivebranes wrapping a Riemann surface in a flat eleven-dimensional background.
At leading order in level the deformations are subtly different. In particular, the type of four-form flux differs between the two solutions. In both configurations, the flux is written as the product of two-forms (see Eq. (4.5) and e.g. Equation (3.19) of [19] ):
(4.34)
In both cases, the first factor is the same self-dual harmonic form describing the effective graviphoton flux in the directions x 0,1,2,3 = R 4 (or Taub-nut). The second factor x 6,8,9,10 = C 2 has a complex structure with respect to which the Riemann surface is embedded holomorphically. With respect to that complex structure, the flux ω C 2 in [19] has Hodge numbers (2, 0) and (0, 2) only, and consequently has vanishing integral on the Riemann surface. In the solutions presented here, the flux ω C 2 has a component with Hodge numbers (1, 1) and generically has a nonzero integral along the Riemann surface (see Eq. (4.23)). The two types of flux deformation induce the same term in the deformation of the gauge theory action at order O( ), except with a different linear combination of the scalars appearing. In the NS5/D4 construction with weak g s , the D4-branes are parallel segments pointing in the x 6 direction between NS5-branes, with a gauge group and adjoint degrees of freedom living on the stack of parallel branes in the segment between each pair of adjacent NS5's. Our Ω-deformation of the background (3.2) affects each set of gauge and adjoint degrees of freedom in the same way, proportionally to the inverse gauge coupling of each gauge group: from (3.10) we see that at small the deformation contributes
The Ω-deformation implemented by four-form flux in the M5-brane duality frame of the topological string induces a term of a similar form, through a different orientation of the flux on the same type of Riemann surface. The four-form flux deformation there (see e.g. [19] ) is proportional to 36) where ω tn is the U(1)-invariant two-form on the Taub-nut space (see Equation (5.22)).
Reducing on x 10 = Im(s) to type iia, the M-theory four-form flux contributes to the NS/NS three-form flux as ∆H ∝ ω tn ∧ dx 9 , and to the Ramond-Ramond four-form flux as ∆F
The NS flux contributes to the brane action exactly a term proportional to (4.35). Through the Chern-Simons term on the D4-branes, the Ramond-Ramond flux induces a coupling
where A is the gauge connection on the D4-brane. As a four-dimensional action, this generates a term proportional to L 5 = g 2 4 /g 2 5 :
Integrating by parts and exploiting the fact in the case 2 = − 1 that
which we see is also proportional to (4.35), except involving the scalar Re(ϕ) ∝ Re(v) = x 8 instead of Im(ϕ) ∝ Im(v) = x 9 . It is not yet known whether our string embedding of the Nekrasov partition function agrees with the topological string beyond the renormalizable level. If so, it is tempting to think that our embedding may be related directly by some duality to the topological string. Whatever the duality, it cannot be a duality that is realized as geometric in eleven dimensions, since the flux along the Riemann surface is a geometric invariant. It is possible that the duality of [40] between five-dimensional theories on Calabi-Yau singularities and five-dimensional theories on (p, q) fivebrane webs may point towards the correct relationship, after compactification on a circle with Melvin-Nekrasov boundary conditions.
9/11 flip and non-commutativity
An equivalent realization for the gauge theory in the Ω-background is obtained when compactifying the M-theory description on the circular orbits of the isometry ∂ φ . This will lead naturally to a non-commutative structure which has already been associated to topological strings and the Ω-deformation in the ns limit [12, 18, 19] . While work has been done to develop a sw map directly in M-theory (see e.g. [41] ), we choose here to go the route of performing the usual sw map in type iia string theory after a 9-11 flip.
In this section, we will not start out from a flat geometry, but from a Taub-nut space, resulting in a Taub-trap geometry. As already noted this is equivalent from the point of view of the quantities counted by Nekrasov's partition function. On the other hand, it is convenient in this situation because a Q-centered Taub-nut space corresponds to Q coincident D6-branes in flat space in the right duality frame and our argument is most straightforward in the presence of a D-brane with B-field. Moreover, the supersymmetry generators remain unchanged since this geometry preserves the very same supersymmetries as the fluxtrap in flat space (which is recovered as the r → 0 limit of the Taub-trap). Finally, in the limit r → ∞ this background is a string theory realization of the alternative description of the Ω-background proposed by Nekrasov and Witten [39] .
The
As a first example let us consider a fluxtrap on a space of the form TN Q × S 1 × R 5 . It is convenient to choose a coordinate system such that the initial metric (prior to identifications) is written as As shown in Appendix B, applying the following shifts to the Killing vector ∂ θ corresponds to the case 1 = − 2 = :
Introducing the disentangled variable φ = θ − 2 R ũ, we see that in this case,
Note that in this case ∂ θ is a bounded isometry, 6) which means that the fluxbrane does not break any additional supersymmetries 4 . Using the formula in Eq. (2.5) we find that the Taub-trap background is given by
The corresponding Killing spinors can be found by using the general prescription of Section 2 and the expression for the Killing spinors of the undeformed Taub-nut in Eq. (B.11). As expected, we find that the fluxtrap does not break supersymmetry since the corresponding projector is the same that appears in the undeformed Taub-nut. More explicitly, the Taub-trap background preserves a total of sixteen supersymmetries: where
Adding a D4-brane wrapped on the Taub-nut and bounded by two NS5s in x 6 preserves the Killing spinors that satisfy
where Γ D4 is the pullback of γ m 1 ...m 5 onto the D4. In other words, the four preserved supersymmetry generators are given by
In this sense the Ω-deformation can be understood as a rotation in the (x 3 , x 9 ) plane by the angle
that acts on the spinors as
The Taub-trap interpolates between two remarkable backgrounds:
• For r → 0, the potential is V(r) ∼ Q/r and the solution becomes
After the changes of variables
x 0 + i x 1 = ρ 1 e i θ 1 , 15) this is precisely the fluxtrap in flat space of Eq. (3.16).
• For r → ∞, the potential is V(r) ∼ 1/λ 2 and the background is given by
This is flat space (to be precise R 8 × T 2 ) with a constant B field. Supersymmetry is restored, in the sense that in this limit there are thirty-two supercharges corresponding to the following Killing spinors: 17) which means that the Ω-deformation acts on the supersymmetry generators for the theory of a D4-brane as a rotation:
where
The Taub-nut geometry interpolates between R 4 for r → 0 and R 3 × S 1 for r → ∞ where the S 1 is a circle of radius λ described by θ. Adding a fluxtrap we obtain the Taub-trap background that interpolates between the flat fluxtrap and flat space with a constant B field. This is not surprising because in the large-r limit the identifications are done on a decoupled S 1 and the fluxtrap is realized by T-duality on a torus with shear (generated by (u, φ) ) which results in a constant Neveu-Schwarz field (see Figure 1) . In this sense our construction relates the usual field-theory interpretation of the Ω-deformation recovered in Section 3 (r → 0) and the alternative description of [39] (r → ∞). In the latter limit, the T-dual background in Eq. (5.16) captures directly the deformations of metric and coupling constant and explains the « non-trivial transformations of the observables ».
T-duality on a torus with shear is also the first clue for the non-commutativity that we expect based on the observations in [18] and [12] . In order to turn this clue into a precise statement, valid for finite values of and for all values of r, we need to pass to an equivalent string-theoretical description of the fluxtrap. As a first step we lift it to M-theory:
This picture becomes particularly clear in the → 0 limit. The metric is TN Q × R 7 and the four-form flux is
where ω tn is the unique two-form on the Taub-nut that is invariant under the triholomorphic U(1) isometry:
There are three natural circles that can be used to reduce the M-theory background to type iia. Reducing on x 10 leads back to the fluxbrane on Taub-nut. The same happens when reducing on x 9 , as already observed in the previous section. The third alternative consists in reducing along φ. The resulting bulk contains a one-form and a three-form:
This background is the Ω-deformation of the theory of Q D6-branes extended in (x 4 , . . . , x 10 ). An equivalent description is obtained by applying the sw map [42] to the D6-brane theory in order to turn the B-field into a non-commutativity parameter: 24) whereĝ andB are the pullbacks of metric and B-field on the brane andg is the new effective metric for a non-commutative space satisfying
Applying this map to our case we find that the -dependence of the metric is completely dropped and the B-field is turned into a non-commutativity between x 9 and x 10 :
Maybe surprisingly, all dependence on disappears from the D6-brane theory and is turned into a constant non-commutativity parameter 5 .We would like to stress that this is an exact result, valid for any finite value of and r.
At this point, it is interesting to follow the fate of the branes whose dynamics reproduce the Ω-deformed gauge theory. Start from the configuration of D4/NS5s given in Table 1 , where the Taub-nut space is extended in (x 0 , . . . , x 3 ) . We have seen in the previous section that in the M-theory lift this configuration turns into a single M5-brane extended in the directions (x 0 , . . . , x 3 ) and wrapped on a Riemann surface Σ embedded in the (s, v) plane. Reduction on φ turns the M5-brane into a D4-brane extended in r and wrapped on Σ, which is now embedded in the worldvolume of the D6-brane. This is strictly true in the = 0 limit. Our findings above point towards the fact that for finite this picture remains the same, but this time the Riemann surface Σ is embedded in a non-commutative complex plane where
As observed in Section 3.2, this background is related to topological strings. In this sense, our picture provides a geometric explanation for the fact that in this context the Riemann surface behaves « as a subspace of a quantum mechanical s, v phase space » [18] . Our setup should be contrasted with the one in [19] , where a similar explanation was offered for the non-commutativity. In this case the authors start from M-theory on TN × X × S 1 , with Melvin identifications in the Taub-nut and apply a sequence of dualities leading eventually to M5-branes wrapped on a Riemann surface in TN × C 2 × R 2 × S 1 ( X is the mirror of the Calabi-Yau defined by xy + F(s, v) = 0, where F(s, v) = 0 is the Riemann surface Σ). As already stressed in Section 4.3, even though the geometry is the same as ours for → 0, there are important differences. In particular the Melvin construction is realized on a different circle so that in [19] the F 4 flux has no (1, 1) components on the C 2 where Σ is embedded and its pullback on the M5-brane vanishes.
The NS limit and gauge/Bethe correspondence
In this section, we want to study a different fluxtrap background on the same TN Q × S 1 × R 5 space with only a single on the Taub-nut part. This corresponds to taking the ns limit 1 = 0 on the D4-brane gauge theory as discussed in Section 3.3.
In order to impose the Melvin identifications we need to choose a different coordinate system for the Taub-nut space in which its nature as a complex two-dimensional manifold is manifest (see Appendix B for details): We impose the identifications
where 1 = − 3 = in order to preserve supersymmetry. We introduce the disentangled variables
The corresponding rotational isometry generator is given by
In the ρ → 0 limit we find 34) consistently with the fact that the Taub-nut space is asymptotically R 4 and we are back to the fluxtrap solution in Section 3.3. Now the chosen isometry acts as a linear rotation of a noncompact space, the fluxtrap breaks some of the supersymmetry and only preserves eight supercharges 6 . This can be verified directly by starting from the expression of the 16 Killing spinors 6 The same eight Killing spinors are preserved under the more general identifications prior to the identifications:
where Γ(
Introducing the disentangled variables φ k we can isolate the terms that depend explicitly onũ and do not satisfy the Melvin boundary conditions:
(5.37) Theũ-dependent part is projected out via (γ 01 + γ 45 ). The final result is that 1/2 of the supersymmetries are broken and after T-duality the eight Killing spinors are
38) where Γ u is the gamma matrix in the direction of the T-duality.
At this point we can proceed as in the previous section. Write down the type iia fields after T-duality and the corresponding M-theory lift which we reduce, this time on φ 2 . The final result after the flip can be expressed in terms of two functions:
The Neveu-Schwarz sector is given by
The structure of the solution is precisely the same as in the previous case, and we can recognize the terms corresponding to Q D6-branes extended in (ρ 3 , φ 3 , x 6 , . . . , x 10 ).
We can now apply the sw map. Once more the B-field is traded for a constant non-commutativity parameter between x 9 and x 10 :
Even though the in this case the dependence on is not completely dropped from the metric (which is flat around ρ → 0, where the partition functions are evaluated), remarkably we still find that the non-commutativity parameter is constant and equal to , without need for approximations.
The study of the brane dynamics in this background follows closely the discussion in the previous section. Following the dualities, the D4/NS5 system that corresponds to the gauge theory in the ns limit described in Section 3.3 is lifted to a single M5-brane wrapping a Riemann surface Σ and is then reduced to a D4-brane wrapped on a Riemann surface embedded on the D6-brane. After the sw map, this can be understood as a Riemann surface on a non-commutative two-dimensional manifold satisfying
This provides a geometrical interpretation for the fact that Ω-deformed four-dimensional gauge theories in the ns limit are associated to quantum integrable models withh = [12, 44] .
Conclusions
In this article, we have presented a string theory realization of the Ω-deformation of gauge theory. Our framework has the virtue of capturing general -deformations which include the various special cases discussed in the literature such as the topological string and the Nekrasov-Shatashvili limit. It provides moreover a geometric interpretation for the properties of Ω-deformed gauge theories. Given the stringy nature of the construction, the methods of string theory are applicable, which in this case are often more powerful and transparent than their gauge theory equivalents. T-duality plays a key role in our construction by making the effects of the underlying Melvin background evident. It is possible to lift the fluxtrap background to M-theory, relating it thus to the famous and elusive (2, 0) gauge theory in six dimensions. The M-theory lift is also instrumental for the 9-11 flip via which we can connect the fluxtrap background to non-commutative gauge theory. We find in particular that the Riemann surface Σ on which the M5-brane is wrapped is now embedded in a non-commutative complex plane with non-commutativity parameter =h, matching up neatly with the quantum spectral curve of the integrable system discussed in [12] which also plays a prominent role in topological string theory. Again, the fluxtrap construction gives a geometrical interpretation also to the quantum integrable system.
A question that can maybe be attacked from here is whether our string picture can be used to shed some light also on the agt conjecture [45] . In one respect this is surely the case, in that our realization gives an algorithmic construction of the modified couplings realizing the general Ω-deformation of an N = 2 theory.
In principle these couplings can be inferred on general grounds through considerations of self-consistency, by requiring the preservation of certain supersymmetries that of gauge theory dynamics after the deformation, a method used for instance in [46, 47] to derive the modified geometry of Ω-deformed three-dimensional theories and defect theories. The application of this abstract method to four-dimensional theories has not yet produced a derivation for the deformed geometry and twisted couplings corresponding to the Ω-deformation of general four-dimensional N = 2 gauge theories with general -parameters.
The string solutions written down here allow the deformed couplings to be read off from the branes' coupling to the modified spacetime metric and other supergravity background fields in (2.5), giving a physical realization to the method of [48] . For the gauge and adjoint degrees of freedom, our solution gives a straightforward prescription for the Ω-deformation of the action, through the Born-Infeld and Chern-Simons action of the D4-branes on which the gauge theory degrees of freedom propagate. In particular, for the refined case 2 = − 1 the dbi action generates explicit terms of order higher than | | 2 that would be at best cumbersome to deduce abstractly by demanding the preservation of a conserved twisted supercharge. The deformation of the action of the fundamental and bifundamental degrees of freedom of the NS5/D4 system, while not manifest in the dbi action, is determined by open string worldsheet physics in the fluxtrap background; a useful direction would be to learn to extract those deformed couplings to the deformed closed string fields in an efficient manner.
A Supersymmetry conventions
The condition for preserving supersymmetry in eleven-dimensional supergravity is the vanishing of the variation of the gravitino Ψ: and the three-form field as
The vielbein e m is written in terms of the ten-dimensional e iia as e m a = e −Φ/3 e iia a for a = 0, . . . , 9;
e m 10 = e 2Φ/3 dx 10 + A 1 , (A.4) and the gravitino is decomposed into a dilatino λ and a ten-dimensional gravitino ψ:
Then the variation δΨ m becomes:
where H = dB, G = dA 3 − H ∧ A 1 and the ten-dimensional Killing spinor is related to the eleven-dimensional one by:
T-duality in the direction u turns the type iia background into a type iib one. In absence of Ramond-Ramond fields the variation of the type iib dilatino and gravitino take the same form as in type iia. If we choose the type iia Vielbein as
if η iia does not depend on u, the type iib Killing spinor is [15, 16] :
where Γ u is the gamma matrix in the direction u normalized to one.
B Taub-NUT spaces
Coordinate systems. We use two coordinate systems for the Taub-nut space. In the Gibbons-Hawking (gh) system the space is seen as a singular circle fibration over R 3 and in the second (cylindrical) system, the space is seen as a two-dimensional complex manifold. The coordinates are changed according to: The (near-horizon) limit r → 0 is transparent in the cylindrical coordinate system. We find that V(ρ) ∼ (B.13) Note that η only depends on θ 1 + θ 2 and ρ 2 /ρ 1 . The projector remains the same. This is not surprising given that the change of coordinates is θ 1 + θ 2 = ψ and ρ 2 /ρ 1 = tan(ω/2).
C General fluxtrap action for complex epsilon
In this note, we have concentrated on Ω-deformations involving real -parameters. The construction with complex is similar to the one in Sec. 2, with the difference that we now have to perform two T-dualities (in the x 8 and x 9 directions) with two associated sets of identifications in the same directions θ k , but with two independent deformation parameters m 8,k and m 9,k which combine to form the now complex deformation parameter k . For the details, we refer the reader to [16] .
As in Sec. Here, U is the pullback of the Killing vector as in Eq. (3.9), where we have in an abuse of notation used U for the pullback instead ofÛ. These actions contain more terms than the ones in Sec. 3.1. In the special case of
D Omega deformation of N = 4 SYM
Another straightforward generalization of our construction is obtained by removing the NS5-branes from the setup in Section 3 and compactifying the theory in the direction x 6 . The effective description for the dynamics of the resulting D3-branes is the Ω-deformed Lagrangian of N = 4 super Yang-Mills: where V = Û = 1 ξ 0 ∂ 1 −ξ 1 ∂ 0 + 2 ξ 2 ∂ 3 −ξ 3 ∂ 2 and the fields w and z describe the oscillations of the D3-brane respectively in x 4 + i x 5 and x 6 + i x 7 (see Table 3 ).
The effect of the deformation on these two fields consists in a modification of the kinetic term. Moreover, the field w acquires a mass term (much like the twisted mass terms in [15, 16] ) and a one-derivative term, which is allowed by the broken Poincaré invariance. The action and its properties deserve further study, but this goes beyond the scope of the present work.
